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Abstract. Using Wilson's Haar basis in M", which is different 
than the usual tensor product Haar functions, we define its asso- 
ciated dyadic paraproduct in R". We can then extend "trivially" 
Beznosova's Bellman function proof of the linear bound in L'^{w) 
with respect to [w]a2 for the l-dimensional dyadic paraproduct. 
Here trivial means that each piece of the argument that had a Bell- 
man function proof has an n-dimensional counterpart that holds 
with the same Bellman function. The lemma that allows for this 
painless extension we call the good Bellman function Lemma. Fur- 
thermore the argument allows to obtain dimensionless bounds in 
the anisotropic case. 

1. Introduction and Main results 

The name Paraproduct was coined by Bony, in 1981 (see [2]), who 
used paraproducts to hnearize the problem in the study of singularities 
of solutions of semilinear partial differential equations. After his work, 
the paraproducts have played an important role in harmonic analysis 
because they are examples of singular integral operators which are not 
translation-invariant. Also, every singular integral operator which is 
bounded on decomposes into a paraproduct, an adjoint of a para- 
product, and an almost convolution operator. Moreover they arise as 
building blocks for more general operators such as multipliers. 

For the locally integrable functions b and /, the dyadic paraproduct 
is defined by 

on the real line. Here the V denotes the collection of all dyadic intervals. 
{hi}i^v is the Haar basis in L^, (-, ■) stands for the standard inner 
product in L^, and (■) denotes the average over the interval /. It is 
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now well known fact that the dyadic paraproduct is bounded on W if 
h G BMO'^ (see [13]). Thus, after we fix h in BMO'^, we consider Hbf as 
a linear operator acting on /. We say the positive almost everywhere 
and locally integrable function w, a weight, satisfies the Ap condition 
if: 

(1.1) Ma, := snp{w)r{w~'/^P~'^rj-' < oo , 

where the supremum is taken over all intervals. The class of weight Ap 
was first presented in [11], the Hardy-Littlewood maximal operator is 
bounded on L^{w) for 1 < p < oo if and only if the weight w belong 
to the class Ap. If we take the supremum over all dyadic intervals in 
(1.1), then we call it is the dyadic Ap-characteristic and is denoted by 
[w\Ad . Beznosova proved in [1] that the following linear estimate holds 
for the dyadic paraproduct in L'^{w) . 

Theorem 1.1 (O. Beznosova). The norm of dyadic paraproduct on the 
weighted Lebesgue space L^iw) is bounded from above by a constant 
multiple of the product of the A2- characteristic of the weight w and the 
BMO'^ norm ofb, that is 

||7r;,/||L2(t„) < C[w]j^d\\b\\BMoA\f\\LHw) ■ 

In fact, the linear bound in L|„(w) of the n-dimensional dyadic 
paraproducts are recovered in [10, 5] using different methods. However, 
in this paper, to prove the linear bound of the dyadic paraproduct in 
L^„(w) we use the Bellman function arguments as in [1]. 

One of the main purposes in this paper is an estimate for the n- 
dimensional analog of the dyadic paraproduct and to establish a linear 
bound with [w]y^d and ||fc||BA//od- Thus, throughout the paper, we will 
be concerned with a class of weights, A^ , on M". If 

then we say the weight w belongs to the class of A^ weights. Here 
denotes the collection of all dyadic cubes in M". 

In order to extend Theorem 1.1 to the multivariable setting in the 
spirit of [1], we are using Bellman function arguments. This allows to 
establish the dimension free estimates in terms of anisotropic weight 
characteristic. Thus we need to consider the class of anisotropic A2- 
weights and the class of anisotropic BMO functions which are defined 
as follows. 

Definition 1.2. A locally integrable and positive almost everywhere 
function w on the space belongs to class of weights, 1 < p < 00 
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if 

M^. := snp{w)n{w-'/^^^~'%'' < oo , 

^ R 

where the supremum is taken over all rectangles i? C M" with sides 
parallel to the coordinate axes. 

Definition 1.3. A locally integrable function on MJ^ belongs to BMO^ 
if 

II^IIba/o« := sup / I b{x) - {b)ji\ dx < oo , 
R l-n^l JR 

where the supremum runs over all rectangles R C M" with sides parallel 
to the coordinate axes. 

Since a cube is a particular case of a rectangle, it is easy to observe 
that II&IIbmo ^ II ^11 _BMO«- lu [8], one can find the example which is in 
BM0^2 but not in BM0^2 ■ Thus, BMO D BMO^ when n > 2 . It is 
a well known fact that the weight |x|° G if and only if |q!| < n . Thus, 
|x| G in . However, one can see that {\x\)iij.{\x\~^)R^ behaves like 
logt, where Rt = [0,t] x [0, 1] . Even if [w]a2 = in M, we can see 

that the A2 weight class belongs strictly to A2, when n > 2 . We now 
state our main results. Here ni, is the dyadic paraproduct associated 
to Wilson's Haar basis in M" and defined in Section 2. 

Theorem 1.4. For 1 < p < 00 there exists constants C{n,p) only 
depending on p and dimension n and C which doesn't depend on the 
dimensional constant such that 

max{l,^!-j-} 

\\M\Ll^{w)^Ll^{n,)<C{n,p)[w]^, MsMOi^ 

and for all weights w E and b G BMO^n , and 

\MLl„iw)^Ll„iw) < C'MA«ll&lli3MO«„ 

for all weight w G A2 and b G BMO^n . 

Through out the paper, we denote a constant by C which may change 
line by line and we indicate its dependence on parameters using a 
parenthesis, for example C{n,p) . In Section 2 we will discuss some 
n-dimensional Haar systems and introduce notations. In Section 3 
we will introduce the multivariable dyadic paraproducts. In Section 4 
we will introduce certain embedding theorems and weight inequalities 
which are extended to the several variable setting. In Section 5 we 
prove the main results which provide the linear bounds for the dyadic 
paraproduct in L^„(w) , and dimension free estimates. We remark in 
Section 6 that similar method recovers known estimates for martingale 
transform and obtains dimension free estimates as well. 
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2. Wilson's Haar system in M" 

First of all, we need to introduce the appropriate ra-dimensional Haar 
systems. For any Q e C , we set ©"(Q) = {Q' G : Q' C 
Q, i{Q') = i{Q)/2}, the class of 2" dyadic sub-cubes of Q, where 
we denote the side length of cubes by i{Q) . We will also denote the 
class of all dyadic sub-cubes of Q by V'^iQ). Then we can write 
V^{Q) = [jJLoVJ{Q) . We refer to [18] for the following lemma. 

Lemma 2.1. Let Q G P". Then, there are 2" — 1 pairs of sets 
{{EIq, £^|q)}?:t' such that: 

(1) for each] , \E]^q\ = |E|q| . 

(2) for each j , E^q and Ejq are non-empty unions of cubes from 

(3) for eachj, ElQnElQ = (!}; 

(4) for every j ^ k, one of the following must hold: 

(a) EjQ U EjQ is entirely contained in either E\q or E^q; 

(b) EIqU EIq is entirely contained in either Ejg or E^q; 
(^) (4q u e^,q} n {EIq U EIq) = . 

We can construct such a set by induction on n . It is clear when 
n = 1 . We assume that Lemma 2.1 is true for n — 1 and let Q be the 
(n — l) -dimensional cube and \^{E^~, E'^ ^jj^^-^ be the corresponding 
pairs of sets for Q . We can get the first pair of sets by {EI q, Ef q) : = 
{Q X I^,Q X /+) where J is a dyadic interval so that |/| = i{Q) , and 
Q X I = Q . We also have the last 2" — 2 pairs of sets as follows. 

:= {{E^^ X I-,E^^ X /_), {E^^ X I+,E^^ x J+)}''7^'. 

To save space, we denote E'jg U E'^- q by E,j^Q and, by (1) in Lemma 
2.1, we have \Ej^Q\ = 2\Ej q\ for i = 1,2. Note that the sets Ej q 
are rectangles. Also note that we assign Ei^q = Q , i?2,Q = EI q and 
E^^Q = Ef^Q and so on. With such a choice, we have 

Q = Ei^Q = EI q U E'Iq = E2,Q U Es^Q = {Ei^Q U Eq^q) U {E^^q U Et^q) 

= ■ ■ ■ = E2n-i^Q U -E'2"-i+l,Q U ■ ■ ■ U -E'2"-1,Q 

= ^2n-i,Q U -^2"-i,Q -^2""i+l,<3 -^2"-i + l,Q U ■ ■ ■ U E2n_i Q U -E2"-1,Q ) 
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in fact, 



2^-1 2"-! 



the sets Ejq in that range of j's are disjoint, and 

"^1 (Q) — {-^2"-i,Q ' -^2"-i,Q ' -^2"-i+l,Q ' -^2"-i+l,Q ' ••• ' ^2"-l,Q 5 -^2"-1,q} • 

As a consequence of Lemma 2.1, we can introduce the proper weighted 
Wilson's Haar system for , {hjQ}i<j<2'^^i,QeV'^ , where 



w 



w 



'j,Q 



When w = 1 we denote the Wilson's Haar functions by hj^Q. Then, 
every function / e L|„(w) can be written as 

QgD" j = l 

Moreover, = Egev^^ ET=i' I (/' ^^qU' ■ For all Q' G V^Q) , 

the hj^Q^s and hjq^s are constant on , we will also denote this con- 
stant by hj^qiQ') and hJg^Q') respectively. We can obtain the weighted 
average of / over Ej^q for some 1 < j < 2^ — 1, 

(2.1) Yl E (f^f^,Q'KQ'iE^^Q)- 

Q'eV-.Q'^Q i-Ei^Qi^Ej^Q 

Furthermore, for j = 1, i^i g = Q, we have 

2"-l 

(2.2) (/)^, = (/)q,^ = 5^ 5^ (/, /i!;;Q,)./i-Q,(g) . 

Q'eV'^-.Q'^Q 3 = 1 

Because it is occasionally more convenient to deal with simpler func- 
tions, it might be good to have an orthogonal system in L\r,{w). Let 
us define 
(2.3) 

H-Q ■■= hQ^\E,,Q\ - A-^XE,,, , where A^^ := ^^^^^^^^ . 

Then, the family of functions {w^/^i^j^gjj^Q is an orthogonal system 
for with norms satisfying the inequality 
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By Bessel's inequality in one gets, for all g E 



(2.4) V V < 



As well as in the one dimensional case, one can define 



(2-5) V^\bmoU '■= TFT\ / IK^) - {b)Q\dx , 

for a locally integrable function on R" . The function b is said to have 
dyadic bounded mean oscillation if ||&||ba,/o^„ < ^ ' denote the 

class of all locally integrable functions b on M" with dyadic bounded 
mean oscillation by BMO^„ . Notably one can replace (2.5) by 

(2-6) IIMlL./o^„= sup Yl EK^^..q)P. 



'K" OeV" \Q\ 



In the anisotropic case, it is known that the John-Nirenberg inequality 

holds for all b G BMO^ and any rectangle R cM."- (see [8]), 

(2.7) 

\{xeR\\ b{x) - > A}| < e^+^/^li?! exp {-tt^ — A ) , A > . 

Note that the John-Nirenberg inequality is dimensionless in the anisotropic 
case. As an easy consequence of (2.7), we have a self improving prop- 
erty for the anisotropic BMO class. For any rectangle R G , there 
exists a constant C{p) independent of the dimension n such that 



(2i 



Using the self improving property (2.8), we have, for 2 = 1, 
Q' e 

(2.9) rj— Yl E (b,h,,Qr<C\\b\\l,,on. 



3. The multivariable dyadic paraproduct associated with 

Wilson's Haar system 

We now define the multivariable dyadic paraproduct. It is well 
known fact that the product of two square integrable functions can 
be written as the sum of two dyadic paraproducts and a diagonal term 
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in a single variable case. Moreover, the diagonal term is the adjoint of 
one dyadic paraproduct i.e. for all /, G L| , 

(3.1) fg = 7r;if) + 7r,if) + nfig). 

Thus, we expect to have analogous decomposition. Let us assume that 
f,gE L'^n . Expanding / and g in Wilson's Haar system, 

Qi^V^ j=l Q'eT>'^ i=l 

and multiplying these sums formally we can get 

2"-l 2"-l 
QeD" j=l Q'gX)" i=l 

Here, (/) is the diagonal term Q' = Q, j = i; 
(3.2) 

QG©" j = l QGf" j = l I ■''''31 

The second term (//) is the upper triangle term corresponding to those 
Q' 2 hi and Q' = Q so that -E'i,Q' ^ -E'i.Q- 

2"-l 

(3.3) (//)= Y.^f.h,^Q){g)E,.^h,^Q. 

Qer>" i=i 

where we used formula (2.1) for the average of g on Ej q. Similarly, 
the third term is the lower triangle corresponding to those Q' C Q, all 
i,j and Q' = Q so that Ei^q C Ej^q . 

2"-l 

(3.4) (///) =J2Y.(9. h,,Q){f)E,,^h,,Q . 

Q€V" j=l 

If we consider the sum (3.2) as an operator acting on /, then we can 
easily check that (///) is its adjoint operator. We now can define the 
multivariable dyadic paraproduct by pairing the dyadic BMO function. 
In MP, the dyadic paraproduct associated with Wilson's Haar system 
is an operator vr^ , given by 

2"-l 

(3.5) Tibf{x)= E^'^^%Q^^'^-''Q^^-''Q'^^) • 

QgX)" j = l 

Note that the construction of the Haar systems are not unique. One 
can actually construct different Haar systems [7]. Furthermore, the 
dyadic paraproduct depends on the choice of the Haar functions. Thus, 
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one can establish the different dyadic paraproducts associated with 
different Haar functions. But the decomposition (3.1) holds for all of 
them. We will finish this section by including a comparison to the 
standard tensor product Haar basis in W^, {/i^g}, with Wilson's Haar 
basis introduced in Section 2.2 and associated paraproducts. Let us 
denote the Haar function associated with a dyadic interval / G P by 
/i5 = I /|~^^^(x/+ ^ Xi-) cind normalized characteristic functions h] = 
I I\^^^'^Xi ■ Here stands for mean value zero and 1 for the indicator. 
Also we consider a set of signatures E = {0, l}'f^''"'"'J'\{(l, 1)} which 
contains 2" — 1 signatures. These are all n-tuples with entries and 
1, but excluding n-tuple whose entries are all 1. Then, for each dyadic 
cube Q = Ii X ■ ■ ■ X In, one can get the standard tensor product Haar 
basis in R" by 

hl^Q{xu...,Xn) = h^jlixi) X ■■■ X /i^;(x„), 

where a = (cri, cr„) G S . Notice that all /i^ g are supported on Q. In 
this case, we have the paraproduct associated to the standard tensor 
product Haar basis: 

(3.6) TTtfix) = J2 if)Q K,q)K,q(^) ■ 

Qe©" cres 

Observe that, for each dyadic cube Q G V^, 

(3.7) W{Q) = span{/i^Q},es = span{/i,- q}^:^! . 
Hence 

2"-l 

Projw(Q)6 = J] (6, KQ)hlQ = (6, h,j^Q)hj^Q . 

Changing the basis, we can see that two multivariable paraproducts, 
(3.5) and (3.6), are in general different, that is 

2"-l 

Qei"" (tgs QeD" j=i 

2"-l 

^ (f)E,,Q{b, hj,Q)hj^Q = TTbfix) . 

QeV" j=i 

4. Embedding theorems and weighted inequalities in R"- 

In general, once we have a Bellman function proof for a certain prop- 
erty in R then we can extend a property into R" with the same Bellman 
function. This process is essentially trivial when we use the Haar sys- 
tem in R"- introduced in Section 2, and it allows to do the "induction 
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in scales argument" at once, instead of once per each j = 1, 2" — 1, 
which then introduces a dimensional constant of order 2" in the esti- 
mates. We present this as the lemma named Good Bellman function 
Lemma. 

Lemma 4.1 (Good Bellman Function Lemma). Suppose there is a 
Bellman function, F) defined on domain 2), that has the size 

property: 

(4.1) < 5(X,r) < A6(X,F), 

and the convexity property: 
(4.2) 

B{X, Y) - B{X\Y^)+^B{X\Y^) ^ ^^^^ ^ ^ 

for (X,r) and (X^'^F^-^) e D, where 2X = X'^ + X^, and Y = 
^ — h M . Furthermore, suppose the given Bellman function prove 
the certain dyadic property in M , that is, for all dyadic interval / G P , 

(4.3) Yl C{Xj,Yj,X},Y},X'j,Yj,Mj)<\I\Ab{Xj,Yr). 
Then, the extended property (4-3) to M", that is 

Q&V"{Q')j-Ej,QCE,^Q~ 

(4.4) <\E,,Q,\Ab{XE^^„Y, 



is provided by the same Bellman function, B , and checking [Xe n-. Ye. 



and {X^i,2 , Y^i,2 ) belong to 2} , where 



2 ^■'^ 2 

Note that the variables in (4.2), X, X^'^, F, y^'^, and M can be 
considered as arbitrary tuples. The number of tuples depend on the 
given Bellman function. 



Proof. Without loss of generality we assume that i = 1 . Let us assume 
that {Xe^ q,Yej q), and (X^i,2 , y^i,2 ) are on the domain D , where 

/Xei+Xe2 Yei+Ye2\ 
{Xe,,,,Ye^^,) = ( -^ M^.,, + ^V^^J ' 

for all Q G V^{Q') and j = 1, 2" — 1 . Then, using the size condition 
(4.1) and the convexity condition (4.2) we have, for fixed dyadic cube 
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Q' and i, 

^|Bi,e.|MA-E,,,,yE,^,) > |Bi,o.|B(XB,^,,y£,^,) 

l=\ 

3 

i=2 

+ C{Xe^ ^, , Ye^^^, , X^i ^, , F^i ^, , X^2^, , Yei^, , Me^^^, ) . 
If we iterate this process n — 1 times more, we get: 
A\Q'\h{XQ,,YQ,) 



j=2"-i 1=1 
2"-l 

Due to our construction of Haar system, for all j = 2'"~^,2"~^ + 
1, ...,2" — 1, and / = 1,2, Ej q,^s are mutually disjointed and l-Ej^g/l = 
|g'|/2" i.e. {EIq^EIq,}]!"^^^^ is the set V^iQ') of dyadic sub-cubes 
of Q'. Thus, 

A\Q'\b{XQ,,YQ,)>\Q'\BiXQ,,YQ,) 

2" 

>J2\Qk\BiXQ',,YQ,) 

k=l 
2"-l 

+ Yl '^^^^.Q'^^^.Q'^^E]^,.yE]^,.XE^ ,,Ye2 Me^^q,) , 



where Q'^'s are enumerations of 2" dyadic sub-cubes of Q' . Iterating 
this procedure and using the fact 5 > yields that 

2"-l 

QeV"{Q') j=i 

<A\Q'\b{XQ,,YEj, 

which completes the proof. □ 
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We now state several multivariable versions of Embedding theorems 
and weight inequahties, that we will need to prove our main Theorems. 
One can find the proof of Lemma 4.2 in [12]. 



Lemma 4.2. The following function 
B(F,f,u,Y) = 4A 



V u + Yj 



is defined on domain D which is given by 

2) = e M^l FJ,u,Y> and f^ < Fu, Y < u} , 

and B satisfies the following size and convexity property in D: < 
B{F, f, u,Y)<4AF, and for all (F, /, u, Y), {F,, f,, m, Fi) and {F^, /s, 

U2, Y2)e^, 

B(F, /, a, Y) - B(Fuh,u„Y,) + B(F.,f.,u..Y.) ^ 

2 XL 

where 

(f, /, „. Y) = il±Jl, M + il±ii | and ,n > . 



Replacing 
and 

1 2 

in Lemma 4.1 and using Lemma 4.2, we have the following Theorem 
whose one-dimensional version can be found in [12]. 

Theorem 4.3 (Multivariable Version of Weighted Carleson Embed- 
ding Theorem) . Let w be a weight and [aj^Q^ ^ ^, Q ^ j = l,...,2"'— 

1 , be a sequence of nonnegative numbers such that for all dyadic cubes 
Q' G "D" and a positive constant A > 0, 

(4-5) E E »j,qH%,^<AHe,,q,- 

Then for all positive f G L^n 

(4-6) E E".-.«(/^''')i.<^^ii/iii^. 

QeD" j=i 
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holds with some constant C > . 

Similarly, one can prove the following theorem with Lemma 4.1 and 
the Bellman function appeared in [15]. 

Theorem 4.4 (Multivariable Version of Petermichl's the Bilinear Em- 
bedding Theorem). Let w and v be weights so that {w)q'{w)q> < A 
and \^aj^Q^^^ be a sequence of nonnegative numbers such that, for all 
dyadic cubes Q' G and i = 1, 2" — 1 , the three inequalities below 
holds with some constant A > , 



QGD"(Q') j=l 

holds with some constant C > . 

Changing a^- q, / and g by «j,Q(t^)i?^. q (w)^^. q|, /w"^/^ and gv-^/"^ 
respectively in Theorem 4.4, we can get the following Corollary. 

Corollary 4.5 (Multivariable Version of the Bilinear Embedding Theo- 
rem). Let w and v be weights so that {w)q>{w)q> < A and {ctj.Qjgj 
be a sequence of nonnegative numbers such that, for all dyadic cubes 
Qt g -p" and z = l,...,2"' — 1, the three inequalities below holds with 
some constant A > , 




Then for all / G L| 



'|„(w) and g G Ll,„{v) 



2' 





1 



^j,QHEj,Q\Ej^Q\ < A{w)e, 



E, 
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Then for all f,g & L'^n 

Qe7?"(Q') j=i 
holds with some constant C > . 

We now state several propositions include the multidimensional ana- 
logues to the corresponding one-dimensional results in [1] and [15] for 
both regular and anisotropic cases. 

One can find the 1-dimensional analogue of the following proposi- 
tion and the associated Bellman function lemma in [1]. Repeating 
the proof of Lemma 4.1 with X^-g/ = {{w)e^ q,, {'^~^) e^^q) , Ye^ ^, = 
A^;^\ EgeC'HQ') T,^■.E,,QCE^,Q, «i,Q' and M^^q, = ^ , and correspond- 
ing Bellman function lemma will return the following proposition. 

Proposition 4.6. Let w be a weight, so that is also a weight. Let 
aj^Q be a Carleson sequence of nonnegative numbers i.e., there is a 
constant A> such that, for all Q' G and z = 1, 2" - 1 , 

(4-7) E E "^^«<^- 

Then, for all G and z = 1, 2" - 1 , 

(4-8) E E uF^^'^^^K.'^ 

and if w; G ^2 then for any Q' G and z = 1 , . . . , 2" — 1 , we have 
(4.9) 

^ E E HE,^,a,,Q<A.2'^-'^A[wU.{w)E^^^,. 

QeV"{Q') j:E,,QCE^^Q, 



\Ei,Q'\ 



Furthermore, if w G then for any Q' G and i = 1, 2" ^ , we 
have 

(4.10) E E {^)E„Q(yj,Q<'^A[wUn{w)E^,^,. 

Observe that in the case w G then 

1 > (^)e„q 



Now (4.10) follows from (4.8). Observe if if G ^2 then 

[w]a2 > Hq{w'^)q 
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\E. 



\Q\ 



Thus, we can have (4.9) from (4.10). We refer to [15] for the correspond- 
ing one-dimensional result and the associated Bellman function lemma 
to Proposition 4.7. Lemma 4.1 with Xe.„, = (Me. n:Au^~^)E o)^ 
Yfp ^, = Me ^, = and the associated Bellman function lemma yield 

3,Q 3,Q •' 

Proposition 4.7. 

Proposition 4.7. There exist a positive constant C so that for all weight 
w and and for all dyadic cubes Q' G and i = I, 2" — 1: 
(4.11) 

^ ^ Hi K.' 

I '^'^ I QG©"(Q') j:E,^QCE^ g, \ 'Ej,Q 

and, if w G , the following inequality holds for all dyadic cubes 
Q' G V and i = 1,...,2"- 1 : 

(4.12) 

<C2'^-'\wU.{w-')e^„. 

Moreover, if G , the following inequality holds for all dyadic cubes 
Q' G I)" and i = 1,...,2'^ - 1 : 

1 ,^ . / (w) pi — (w) p2 \ ^ 

(4.13) 

< C[w]ar{w-^)e^^q, ■ 

The similar observations in Proposition 4.6 yields (4.12) and (4.13). 
The following generalizes the result that appeared in [1] to the mul- 
tidimensional regular and anisotropic cases. With same changes in 
Proposition 4.7 and associated Bellman function lemma, one can prove 
the following. 

Proposition 4.8. There exist a positive constant C so that for all weight 
w and and for all dyadic cubes Q' G and 2 = 1,.. .,2" — 1: 

^ ^ M~E \E^MWe,J^ )e,,^ 
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(4.14) 

and, if G A2 , the following inequality holds for all dyadic cubes 
Q' eV" : 

2 



1 , , , ^ / (w)pi — (w)p2 . 



'j,Q 



(4.15) 

Moreover, ii w E A2 , the following inequality holds for all dyadic cubes 
g' G 1)" : 

1 , , , ^ f (w) pi —(w)p2 \^ 

(4.16) 

< C[wUn . 

The single variable version of the following proposition first appeared 
in [20]. In [14], one can also find a Bellman function proof of a similar 
result which can be extended to the doubling measure case. 

Proposition 4.9 (Wittwer's sharp version of Buckley's inequality) . There 
exist a positive constant C so that for all weight w E A2 and all dyadic 
cubes Q' G V and z = 1, 2" - 1 : 

2 



(4.17) <C1^^-~'\w\^.{w)e^^^,. 

and for all weight w G and all dyadic cubes Q' G and ? 
1,...,2"-1: 



\^i-Q' \ QeV^iQ') j:Ej^QCEi^Q, \ ^'^^ ^ 

(4.18) <C[wUn{w)E,^^,. 

The same choice of Xe. ^,,Ye. and Me.^, with Proposition 4.9 
prove (4.17). The inequality (4.18) can be seen by using the domain 

D = { (n, t;) G I n, 17 > and 1 < uv < [w]j^r } . 
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5. Proof of Theorem 1.4 

We are going to prove Theorem 1.4 only when p = 2 , and fol- 
lowing the one- dimensional proof discovered by Beznosova [1]. The 
sharp extrapolation theorem [6] returns immediately the other cases 
(1 < p < oo). For the case p = 2 we use the duality arguments. 
Precisely, it is sufficient to prove the inequality 

(5.1) {n,{fw-'/'),gw'/')<C{n)[w] 



a^iMbmo^JIJ \\lI„\\9\\lI„ ■ 

Proof. Using the orthogonal Haar system (2.3), we can split the left 
hand side of (5.1) as follows. 

2"-l 
QgD" j=l 

2" — 1 



QGD" j = l 



We are going to prove that both sum (5.2) and (5.3) are bounded with 
a bound that depends linearly on both [w]J^d and ||&||ba//o^„ • Using 
Cauchy-Schwarz inequality, for the term (5.2), we have 



2"-l 



QeD" j=i VWj^l 

,2X V2 

EE 



< 



'j,Q 
2"-l 



1/2 



X 



E E(^'^^-.«)'(/^"'')k.(^)^. 

.Q(=X>" j = l 

(5.4) 

(2"-l \ 1/2 

E E(^'^^-.«)'(/^"^')i«H^. 

Here the inequality (5.4) follows from (2.4). We now claim that the sum 
in (5.4) is bounded by C[w]^d||^||^;y-Qd ||/||^2 , which will be provided 
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by the Multivariable Version of the Weighted Carleson Embedding The- 
orem 4.3. with the embedding condition: For all Q' G P", 

(5-5) <CMA^II&llL/o^J^"')i^.a.- 

Since, for all Q G , 22("-i)[w]^d > {w)e^^q{w~'^)e,,q , The Embed- 
ding condition (5.5) can be seen as follows. 

<2'(-'\wu. J2 E {w~')E,jb,h,,Q)' 

(5.6) <4.2^("-i)M^.||6||^,,^.^^"1(E,qO. 

Here the inequality (5.6) follows from (2.6) and Proposition 4.6 applied 
to ttj^Q = {b,hj Q)^, A = '^^~^\\b\\%f^,fod ^^'^ ^' — . This estimates 

finishes the estimate of the term (5.2) with C ~ 2''*^'^"^^/^ . 

We now turn to estimate of the term (5.3). In order to estimate the 
term (5.3), we need to show that 

2"-l 

E E hQ){f^-'^')E„,{9w'/')E,^, ^lQ\f\E^\ 

Q^V" j = l 

(5-7) < C[w]Ad\\b\\BMOiJf\\LlJ9\\Ll„ , 

and this is provided by the following three embedding conditions due 
to the Multivariable Version of the Bilinear Embedding Theorem 4.5: 
For all Q' G and z = 1, 2" - 1 , 

E E \ib,h,,Q)AlQ\^\E~^\{w)E,.,{w-')E,,, 
(5.8) < C{n)[wU4bh^,o^^^ , 



\Ei, 



E \ib,h,,Q)AlQ\^\E~^\{w)E,^, 



I ''Q'l QeO"(Q') j:E,^QCE^^Q, 

(5.9) < C{n)[w]Ad\\b\\BMO^Aw)E,^Q, , 

E E \(b,hQ)AlQ\./\E~^\{w-')E^ 

(5.10) <C{n)[w]^.\\b\U,oiA^-')E^^^,. 
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Proposition 4.8 makes it easy to prove the embedding condition (5.8). 
Using Cauchy-Schwarz inequality, 

(5.11) 



J2 E \ib,h,,Q)AlQ\^\E,,Q\{w)E,Jw~')E,^^ 



(5.12) <( E E (b,h,,Qr{w)j 

\QeV"(Q') j:E,nCE,_o, I 



1/2 

/ / N 2, „ , , , , _i, \ 

X 

.QG2?"(Q') i:%QC£;,,Q, 

, 1/2 

(5.13) <2"-iHy|( E E 

1/2 



\QeV"{Q') j:Ej,QCE^^Q' / 

(5.14) <C2'^-'\wU.\E,,Q,\'^'( E E (^'^.-q)') 

(5.15) < C25("-i)/2HA.||&||BA/o^Ji?.Q'|. 

Here we use (4.15) for the inequahty (5.14) and the fact that b G 
BMO^n for the inequahty (5.15). We also use Cauchy-Schwarz in- 
equality for the inequality (5.9), then 



E E \ib,h,,Q)AlQ\^\E,,Q\{w)E^ 

Q£V"{Q') j:Ej,QCE^^Q, 

1/2 



<f E E (b,h,,Qr{w)E,,,) 

xf E E K-q)'i^.,«ih%.) 



1/2 
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(5.16) 



(5.17) 

Inequality (5.16) and (5.17) follow by (4.9) and Proposition 4.9 respec- 
tively. Similarly, we can establish inequality (5.10) with Proposition 
4.7. To sum up, we can establish the inequality (5.1) with a con- 
stant C{n) ^ 2^'^""-'^^/^ . Furthermore, if we replace [w]j^d by [w]j^r and 
ll^llsMOd by II^IIbmo-r then we can establish proof of the dimension free 
estimate in Theorem 1.4. □ 

6. Final Remarks 
Remark 6.1. The martingale transforms in M is defined by 

Taf ■■= E ^lif^^i)^!^ 
ievi[o,i]) 

where aj = ±1. It is also known to be a dyadic analog of singular 
integral operators. In [20], the author presented a linear estimate of 
the martingale transform on the weighted Lebesgue space L'^{w), that 
is 

\\Taf\\mw) < C[w]A2\\f\\L^w), 

for w & A2 and / G L'^{w) . With the Wilson's Haar system, we can 
also define the multivariable martingale transform: 

2"-l 

(6.1) T^f = Y(^E,,Q{f,hj^Q)hj^Q, 

Qevilo,!]") j=i 

where q assumes the values ±1 only. It was also considered in [7] 
to search for the U estimate of the Beurling-Ahlfors operator. 

In fact, we already present all the tools to extend the result of [20] 
to (6.1). In [20], the one dimensional analogue of the inequality: 

Q&'D^{Q')r-Ej,QQE^,Q, 

(6.2) <C{n)[w]l^{w-')E^^^, 

was proved by using the sharp estimate of the dyadic square function 
in L^{w). Alternatively, one can also have the inequality (6.2) using 



IK- 
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(4.9), (4.15) and [w\a2 = [w^~^]yi2- By the Cauchy-Schwartz inequality 
and Proposition 4.8 we have the following inequality: 

Qe-D"iQ')j-Ej,QCE^^Q' 

(6.3) <C{n)[wU,\Ei,Q'\- 

One can find the Bellman function proof of the single variable version 
of the following inequality. 

V- V- (Mi^i,^ - HEi^)i{w-')Ei^ - {^-')ei^) 
1^ 1^ ^^piy^ \^^'Q\ 

(6.4) 

< C{n)[w]A2w{Ei^Q>) . 

Using Lemma 4.1 we can have the inequality (6.4). However, more 
simply we have 

1^ 1^ I^^-.qI 

(6.5) 

^( E E ((^)eI,-HeI^?\E,,q\{w)e,,, 
^Q&v^(Q')r-Ej,QQE^Q, 

Qev^{Q')r-Ei,QQE,^Q, V '^^^Q / / 

Using the inequality (4.17) for the term (6.5) and (4.12) interchanging 
the role of w and for the term (6.6), we can get the inequality 

(6.4) . By repeating the proof presented in the Section 5 in [20] with 
previous observations and the sharp extrapolation theorem [?] , we have 
that for 1 < p < oo there exists constants C{n,p) only depending on 
p and dimension n and C which doesn't depend on the dimensional 
constant such that 

(6.7) \K\\LM-^LM<Cin,p)[w]^, 



p- 

p 

d 



for all weights w G and 
for all weights w G . 
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Remark 6.2. Most recently, in [5], it has been showed that the norm of 
the dyadic square function, 



(6.9) S,f{x) :=(Y1 - if)QYxQ{x)) 



^ max{ - , 1 } 

where Q is the dyadic parent of Q, is bounded by [w]^^ and the 

exponent is the best possible. The dyadic square function (6.9) can be 
written in terms of Wilson's Haar system (see [19]), that is 



E^(E</,..)^): 



(6.10) SJ{x):={ Y,^^i^Y{f,h,,Q)']xQ{x)' 



Remark 6.3. Let us consider the difference between vr^ and Tib as an 
operator, 

2"-l 

(6.11) ntf{x)-nbf{x)= ^ - J /^,,q)/^,,q(x) . 

QgO" j=i 

For fixed Q and j > 1, — {f)EjQ can be written by 

Thus, the difference operator (6.11) can be estimated by 
\nmx)-7rbf{x)\ < C{n) ^ E E K^'^-q)! I (&>..q) I"^''^'"^"'^ 

QgT?" j=l i:Ei,QDE,,Q 



\E. 



'hQ\ 



The right hand side of the inequality (6.12) can be considered as a finite 
sum of the compositions of adjoint of paraproducts and dyadic shifting 
operators, that is denoted by vr^-f^r • It is known that the dyadic shift- 
ing operators obey linear bounds in LF'iw). We have shown that the 
paraproduct (vr;,) obey linear bounds in L'^{w), so the adjoint of para- 
product also does. One can easily expect that its composition, vr^i^r 
obey quadratic bounds in L'^{w) . However, vr^-ffr obey linear bounds in 
LF'iw) [4] but Ht-tiI doesn't. See [4] for more detailed arguments in the 
one dimensional case. Then the difference operator tt^ — Tib obeys the 
linear bound in L|„(w). Furthermore, this observation and the linear 
bound for the paraproduct associated to the Wilson's Haar basis (vrt) 
yield the linear bound for the paraproduct associated to the standard 
tensor product Haar basis (vr^). 
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